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In the session of the Academy of 12 June 1834, Mr. Ostrogseltiak read a mem-
oir on the probability of the errors of tribunals, where he lsansidered the case of
unequal veracity of the judges, which case is the one of altribunals.

By supposing that the limits of the veracity of each judgelarewn, the author
gives the analytic formulas, relative to the different caadich are able to present
themselves, for the probability of the error of a tribunahgmsed of a given number of
judges. He supposes first that one knows nominally the judgesiecide affirmatively
a litigious question, and consequently that one knows &lgse who vote against; he
examines also the case, where there is only one part of jurfgese same opinion,
and one part of those of contrary opinion, who are known naityinnext he indicates
the means in order to determine the limits of the veracityhefjtidges according to
experience, and he terminates his memoir by the considarafithe case of equal
veracity, a case that Condorcet and Laplace have alreaatgtre

Mr. Ostrogradsky, under the hypothesis that the veraditiéke judges are found
all comprehended between the same limits, finds that theapilily of the error to
fear depends only on the majority, that is on the differenetsvben the numbers of
judges of opposes opinions. Laplace and Condorcet havglthtiuat a similar result
would be contrary to the indication of the simple naturaioalbut Mr. Ostrogradsky
does not surrender himself to the authority of these celeirgeometers, he claims
that the result of his analysis has nothing which is able tenaf good sense, and after
having cited the passage where Laplace speaks of the extlifference between the
probability of the error of a judgment rendered by unanipiity a tribunal of twelve
judges, and the probability of the error of judgment renddrg the majority of 12
votes by a tribunal of two hundred twelve juddedly. Ostrogradsky says:

“In order to have less to discuss, we compare a single judg@opmnc-
ing himself affirmatively on a question, in a tribundlof three judges, of
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whom two pronounce themselves affirmatively, the third tiggly. With-

out changing anything in the question, one is able to reflaesole judge
by a tribunal B of three judges, of whom one affirms, and the opinions
of the two others are unknown. We will be able, relative tburial B, to
make the following three hypotheses:

1. The two judges with unknown opinions are of the same opia®
the first.

2. One of the two shares the opinion of the first, and the otbes diot
share it.

3. Both contradict the first.

“The second hypothesis is exactly in the case of the tribdn#ie first
is to the advantage of the tribunBl or that which reverts to the same, to
the advantage of a single judge, and the last, on the conisaty the
advantage of the tribunal; now, | see not why the first hypothesis would
increase the probability of a single judge, no more thandkerkduce it,

“In a tribunal of two hundred twelve judges, the majority ofeive
votes show that one hundred twelve judges are in accordnlautribunal
of twelve judges who pronounce with unanimity, one is certaily of the
accord of twelve votes, and one does not know if, by bringfmegrtumber
of judges to twelve hundred twelve, the two hundred that ocoelevhave
added, would not be of contrary opinion to the first twelvegesl

“One accords the greatest confidence to an impartial andtealied
tribunal composed of twelve judges, who would decide unansty; but
if the tribunal were composed of two hundred twelve judgdsyloom
one would know the opinion of only twelve, agreed among theng
would expect in order to be settled, that the opinion of thgonity is
known. However, not knowing the opinion of two hundred jusigee are
just in the case of the tribunal of twelve judges, who decidamimously.
Whence comes the great difference in the confidence whichco@rd to
the same number of judges, equally truthful, and in the satmat®n rel-
ative to us? This difference, there is not at all; we are led érror, for
want of having sufficiently studied the matter thoroughlywill permit
myself an observation.

“The decision of a tribunal of one thousand judges, for examgpf
whom five hundred decide a question affirmatively, and fivedned oth-
ers decide it negatively, is null: the five hundred positiotes are de-
stroyed by the five hundred negative votes, as would be destrtwo
equal forces, contraries, and applied to the same point. ddd@ae more
affirmative vote; according to the received opinion, thigliddnal vote
will be reduced by the votes which destroy themselves, drreduce the
weight of five hundred affirmative votes which one precedes, tiav-
ing the additional vote, the five hundred affirmative votestasyed the
five hundred negative votes, and after the addition, theypngér destroy
them, the negative votes prevail over the positives, sinedifference of



the five hundred one positive votes and five hundred negatitesys less
than one vote. One senses that the weakening of the additioteaby

the votes which, in some kind, no longer exist, would not kit to be
admitted; one senses equally, that one more vote is ablaitoray to the
force of those, to which one has added it.

“If it is true that one is brought to consider as null the diexisof a
numerous tribunal, rendered by a very feeble majority, dvad bn the
contrary, one gives a great weight to a unanimous decisidmeotribunal
composed of a small number of judges, | believe that thatwvie sustain
is rather a prejudice, than the good sense and the exactleoaton of the
matter.

“Besides, that which | just said decides not at all betweerféhmula
of Laplace and of Condorcet, and that which | propose in oalegplace
it; but | have an objection to make against the analysis cfdluelebrated
geometers, an objection which must decide the thing.

“I have admitted, in this memoir, the same principles of gsialof the
probabilities as those that Laplace and Condorcet havadiel; it will not
be therefore on these principles that will sustain my aib@ntut on the
manner of employing them; now, | do not believe that it is pigied in the
questions of the tribunals to represent the veracitied di@judges by one
same letter. These veracities have each the same limitthdytmust go
from the first limit to the second, independently from onethrg it will
be necessary, consequently, to designate them each byeeedifietter,
and one will have, instead of one alone, as many integralsnsider as
there are judges.

“We suppose that the veracity of each judge is able to have anl
certain determined number of values, for example, that sachcity is
able to be onIy% or % or 1. According to Laplace and Condorcet, by
taking for a veracity any one of the values that it is able teehane must
give, at the same time, the same value to all the others, $piththe
case of which there is concern, there would be only three auatibns
of the veracities, namely: all the veracities §, or= 2, or = 1. Now,
it seems to me, that one must make all possible combinatiothem, so
that, instead of three combinations, there woul@hen being the number
of judges.”—

We will terminate this extract by the citation of some foramilcontained in the
memoir of Mr. Ostrogradsky.

A tribunal being composed ofi + n judges,m judges condemn an accused, and
n acquit him one seeks the probability of the error in the cddbe condemnation.
Let 21, xo, 23, ...z, be the veracities of the judges who condemn, andy., ys,
...yn the veracities of those who acquit. If the veracities wowddable to have only
the preceding values, the sought probability would be

(1—2)(I—2a) - (1 —2p)y1y2 - Yn
(1—z1)1—22) (L= 2m)y1y2 - Yn + T122 (L — 1)1 —y2) -+ (1 — yn)

)



butxy, 22, ...2m, ¥1, ¥2, .. .yn having each an infinity of different values, it is neces-
sary yet to multiply the preceding expression by the prdhgbi

(1 —2)(1 —x2)--- (I = 2p)y1y2 - yn + 102 T (L= 1) (L = y2) - - (1 — yp)]dwrdy - - - depmdyrdys - - - dyn
JIA=2)( —22) - (L= 2p)yryz - yn + 2122 @ (L —y1) (1 = 92) -+ (1 — yn)|dwrdws - - - dwpdyrdys -+~ dyn

of the simultaneous existence of the veracitiesrs, - - - Ty, Y1, Y2, - - - yn this which
will give

(I—xz1)(1—2z2) - (1 —zp)y1y2 - - - Yyndaxrdxs - - - dxydyr1dys - - - dyn,
JIt=z)(d = x2) - (L= zm)piy2 - Yo + 122 T (1 = y1)(1 = y2) -+ - (1 — yn)|dzrdaz - - - dwpdyrdys - - - dyy,
for the portion of the probability of error of the tribunalpartion due to the veracities

1, T, -+ T, Y1, Y2, - - - Yn @lONe. The total probability will be evidently the sum of
all the partial probabilities, relative to all the possibtracities. This sum is

JA—21)Q—22) - (1 — p)y1y2 - - - yndzrdas - - - dzpdyrdys - - - dy,,
JIA—z)A —z2) - (I —zm)tiye Yo+ 2122 T (1 — 1) (1 — o) - - - (1 — yn)]dardxs - - - deydyrdys - - - dyy,

the integral of the numerator and of the denominator willdative to all the values of

L1, T2, Tmy Y1, Y2, " Yn-

We designate the inferior limits of the quantities, xo, - -+ Zm, y1, Y2, - Yn
respectively byr, =5, --- zl., v}, v5, - -+ y,,, and the superior limits of these same
quantiti_es respe_ctively by!, z5, - 2, y{, vy, -+ y); the probability of the error
of the tribunal will become

1
14 Mt wydwy o wpten, 20wy 2owrown o 2-wnow
2—af -z} 2-wy-xzh  2—xl -z, Y +y] vy +uh vty

Itis remarkable that the preceding probability dependg onlthe sums of the extreme
values of the veracities, that is off + 7, 24 + x5, - -- Thus these sums remain the
same whatever be beside‘ls, :c’l, xy, :c’g, -+ the probability of the error will not vary,

if all the quantitiese!! + «, 4§ + 25, -+ y{ + y1, y5 + v5, --- are equal among
themselves, and, by deagnatmgbyhew common value, the probability of the error
will be reduced toﬁ This case comprehends evidently the one, where the

=)

limits of all the veracmes would be the same; one sees bytheeding equation that
the probability of the error of the tribunal depends onlylvadifferencen —n between
the number of judges who condemn and the one of the judges edudtathat is, it
depends only on the majority. By making= 1, the preceding probability will be
reduced to%. The same fractior% will represent also the probability of the validity
of the judgment; thus in the case where the sum of the limite®f/eracities of each
judge is equal to unity, one is in a complete indecision onvidee of a decision; it
would revert to the same to give up to chance the lot of the setuprovided that
one equalizes the chances for condemnation and for absoluiihe decision of the
tribunal will acquire a value only in the case where the surthefextreme veracities
overtake unity, and the more this sum approaches the supienio 2, the more one
must expect to see only decisions conformed to the truth.




We suppose in the last expressior= 2; we will haveﬁ for the probabil-
ity of the error relative to this supposition: by admittiégand 1 for the limits of the
veracities, one satisfies evidently the equation %; therefore1+3—}n,n is the expres-
sion of the probability of the error of the tribunal, when trezacities of the judges are
comprehended between the Iim%tsand 1. The formula of Laplace relative to this case
is

j;)% ™1 —x)" dx

fol 2™ (1 — z)" dw

it differs much from the preceding.

We consider anew a tribunal et 4+ n judges, of whichn condemn ana. acquit
an accused; but one knows not who are the judges who condemirtoasequently
one does not know who are those who absolve.dsetro, ...z, 1, be the veracities
of the judgesi; is comprehended between the limitsandz, z» between the limits
x4 andzy, and so forth. We make

)

V=lr:1+ 1 —2)yllza + (1 —22)y] - [Tmgn + (1 = Ty

the coefficient ofy™ in the development of expresses the probability that the tribunal
is partitioned into two parts, the onexafand the other ofi judges, and that the veracity
is on the side of thex judges. We designate k¥ this coefficient. The coefficier®

of y™ in the development of” will express the probability of the same partition of the
tribunal in the case, where the veracity will be on the sidthefn judges; therefore

P
P+Q

is the probability of the error of the: judges under the hypothesis that each veracity
has only a single value. But the veracities having each anitynif different values,
the probability that they are precisely equaltq x2, - - -, Tyt IS

(P+Q)dxydes ... drym
f(P + Q)dxidxs ... dxg iy’

the integral must be extended to all the valuesQfzrs, - - -, Tytm -
By multiplying this probability by the preceding, one wilbtain

Pdzxydxs ... degim _
f(P + Q)dxidxs ... dxg iy’

for the portion of the probability of the error af judges, due to the veracities, x2,
-+, Tnim; €ach other combination of the veracities will furnish aitamportion; the
sum

f Pdl‘ldl'g ce d/xn-f-m .
f(P + Q)dxidxs ... dxg

of all the portions will be the probability sought of the erod m judges.




In order to effect conveniently the indicated integratioms remark that by making
y = e”V~1 we will have

1 [ —
P = — Ve ™ V=liy
2 J_»
1 [
Q = — Vefm”\/f_ld:c;
2 J_,

therefore the probability of the error will become

fj: e—maV-1 f Vdzidxs - - demin
fj:(e*mm\/jl +enev =Ty f Vdxidrs - - - degin

Now, it is evident that the numerator of this fraction is theefficient of y™ in the
development of

1
— / Vdzidxy - - - depmiyn =
2

1 2 = V! — l) e (2 —
o (e} )3 22,3+m ot ~ Tnton) [} + 2} +y(2 — 2] — x7)]

and the denominator is the sum of the coefficientg"dfand ofy™ in the same devel-
opment. Therefore, by designating &y the coefficient ofy™ in the development of
the product

27 + 21 +y(2 — 2t — 2))][ey + 25 +y(2 —ahy — b))
[xx“ﬂrn + x;nJrn + y(2 - meJrn - ‘T;nJrn]
and byY the coefficient of,” in the same development, we will have, for the probabil-
ity of the error of the judgment rendered by the majorityrof- n votes, the following

expression:
X

X+Y

_|_

Y
X+Y

will express the probability of the validity of judgment. ©sees that the preceding

probabilities depend only on the sumis+ o', 5 + a5, 25 + 25, -+~ ), +a, ., Of

the extreme veracities, and if one makgst- 2} = 25 + a4 = - =+, =

z, one will find

The fraction

1.2...

1-2---m-1-2---n

1-2---(m+n) . "
Yy = 1.9-m-1.2.-n° (2-2)

6



Therefore the probability of error becomes
1

m—n'
1+ ()

This expression coincides, as this must be, with that whighleas found for the case,
where one knows nominally the judges voting for, and the @sdgpting counter.




