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FIRST MEMOIR.!
On the expression of the general term of the recurrent sequence, when the generating
equation has some equal roots.

I have given in the Memoirs of 1775 (p. 185) a method & some very simple for-
mulas in order to have the general term of a recurrent sequence, of which one knows
the first terms. But these formulas have, as all those which are some functions of the
different roots of a similar equation, the inconvenience to be able to serve only when
all the roots are unequal. The case of the equality of two or many roots, demands some
deductions & some transformations based on this principle of the differential calculus
that some equal quantities can be supposed to differ among themselves by infinitely
small quantities; but the application of this principle to the formulas of which there is
question requires some particular attention, & gives place to some new & remarkable
results for their simplicity; this is that which has engaged me to make it the matter of
this Memoir.

1. I will commence by recalling the principal formulas from the place cited.

Let Yo, Y1, Y2, Y3, &C. Yz, Yat1, Yz+2, &C. be the sequence in which one has
constantly this equation among n consecutive terms.

Ayz + Bypi1 + Cypio &c.+ Ny*" =0 (A)

A, B, C &c. being some constant coefficients any whatsoever. The expression of the
general term gy, will be of this form

Y = ac” + bB% + " + &c.
the quantities «, (3, v &c. being the different roots of the equation

A+ By+Cy*=dY? = &c. + Ny" =0 (B)
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that I call the generating equation, & the coefficients a, b, ¢, &c. being of this form

C Yn1 — (BEY+ I+ &c)yn—o + (By + B + 7 + &c.)yn o — &e.

; (a—=B)a=7)(a=96)...

Yn—1— (@ +v+ 3+ &C)yn—o + (y + ad + 7y + &c.)yp—o — &c.
(B=a)(B=)(B—0)...

b=

and thus in sequence.

I remark first that one can give to these expressions a more simple & more com-
modious form for the calculus, by observing that if in the product (y ﬂ) (y )y —
d) ... one changes according to the development of the powers 3% 4!, 32, 3 etc. y"~1
into yo, Y1, Y2, ys &c. y,—1 one will have the numerator of the expression of a; as
likewise one will have the one of the expression of b by making the same change in the
product (y — «)(y —)(y —9) . . .; & thus of the others. So that with this condition one
will be able to suppose first

WA=, (—a) -
(B—a)(B=7)(B—6)... (B=a)B=7)(B—10)...

_ =)y -By-9)...
(v =)y =B)(y—9) ’

2. This put let 8 = «, the first two terms aa”, b3* of the expression of y, will
become infinite.

We make for abridgment m = f.a (function of «), one will have
W j) £.3, & the two terms aa® + b3® will become %ﬁa +

y—a)(y=1y
l=aly)ly=b)-- .

&c.

We make now S = a + w, w being an infinitely small quantity, one will have
a—f=-wf-a=w,

=B y—Ny—0)...=(@y—a)ly—7)(y—9)...
=—wly-My-9)...,
8= fla+w) :fa+%w+&c.

Substituting these values into the two terms of which there is question, erasing that
which is destroyed, & making next w = 0, one will have for result

d.fa

y—7y—=08)..x fat+ty—a)y—7)(y—190) x T

This is the value of the first two terms of the expression of y,. And the third term
cy”® of the same expression will become then because of « = £,

(y—a)y—268)... ,
(v=a2(y=0)... "

The value of the others will not be subject to any difficulty.




If besides 5 = « one has yet v = a, this which is the case of three equal roots, then
fo would become infinite, in this way the value of the 3™ term; the first three terms
would be therefore infinite, & it would be necessary to make anew v = o + w.

Let m = f’.a, one will have fa = (’;/—_"f/, & differentiating according to
Q«,

d.fa d'j:a fl.a

da a—v (a—7)

Therefore making v = o + w, one will have

fa:—f/a d.fa:_d.f’.a_f’a
w '’ do wda w?

Moreover
(y—~)(y—9)... willbecome (y — a)(y —9)... —w(y —9)...,
&
(y — )y —7)(y = 9) ... willbecome (y — )*(y —8)... —w(y —a)(y —9)...
Finally the third term being represented by
(y—a)’y—9)...

PR
will become, by setting o + w for ,
2
y—a)y(y—9a)...
W=Dy
namely
(y —)*(y —9)

dfa W fla
/
w? (foz—Hu do + 2da? +

Making all these substitutions, erasing that which is destroyed, & making next
w = 0, one will find for the value of the first three terms of y, the quantity

(y—0)...xfla+(y—a)(y—19)...
d.f'a . fla
do 2da?

If one has still 6 = «, so that the four roots «, 3,,  make equals among them-
selves, one would find, by following the same march, that the first four terms of the
expression of y, namely aa® + bB* + ¢y* + dd”*, of which each would be infinite,
taken together would be reduced to the following quantity

X +y—a)ly—25)...x

(y—e)..~ ><f’.oz+(y—a)(y_€)"' X d-dfaa
2 1
+(y—a)2(?/_6)"'%
d3.f”06

3
+y—a)y—e)...x 5 3dad



by making
afE

(a—e)(a—=27)...
And thus in sequence, the law of the progression being visible by itself.

In order to employ these expressions, it will be necessary to develop the different
products (y —¥)(y —=6) ..., (y—a)ly =y —0)...., (y—0)..., (y —a)(y —
8)..., (y—a)?(y—9)...and thus in sequence in powers of y, & to change next into
these powers the exponents into indices, that is to say to change 1/°, y!, 2 &c. into
Yo, Y1, Y2 &c.; by converting the coefficients of these powers.

3. The difficulty which results from the equal roots is therefore resolved in a general
manner; but the expressions which one comes to find being given by functions of all
the roots «, 3,y &c., one can desire to have them as functions of the single root «, this
which will give likewise to us simpler formulas.

For this we will remark, that since «, 3,y &c. are the roots of equation (B), one
will have

"
=

A+By+0y2+&c.+Ny":n(y—a)(y—ﬁ)(y—w)...

By making y = « one will have A + Ba + Ca?+&c.+Na™ = 0; subtracting this
quantity from the first member of the preceding equation, & dividing next by y — « one
will have

Q+Ry+ Sy’ + Ty +&c.+ Ny" ' = N(y— B)(y — )y —9)...
by making as in N ° 2 of the memoir cited

Q =B + Ca + Da? + &c.
R =C+ Da + &ec.
S =D + &c.

&ec.

We make in the preceding equation y = 3, one will have
Q+ R+ SB?+TH + &c. = 0;

subtracting this quantity from the first member of the same equation, & dividing the
whole by y — /3, one will have

Q+Ry+Sy*+Ty*+&c.=Ny—7)(y—9)...

by making
Q' =R+ SB+TB + &c.
R =R+ SB+TpH% + &c.
S =8+ &c.

Similarly one will find

Q"+R'y+ 8"y +&c.=N(y—9)...



by making
Q/l :R/+SI/B+T//82+&C.
R// _ R/+S/5+T/52+&C.
S’ =8+ &ec.
& thus in sequence.
4. Letnow 1 °. 8 = « one will have

N(y—a)(y—7)(y—9)...=Q+ Ry + Sy* + &c.
Ny —")(y—06)...=Q + Ry+ Sy* + &c.

Making in Q’, R', S’ &c. 8 = «, & substituting the values of @, R &c. into «, one
finds
dQ

Q' =C +2Da+3Ea? + &c. = —~

da’
d
R’:D+2Ea+&c.:—R,

do
d
S'=F + &c. = —S
do

Therefore J0  dR S
Ny -y -0 = -+ —y+ v +&c

Let2°. v = = a, one will have first

Ny —a)*(y—9)...=Q+ Ry + Sy° + &c.
_dQ  dR ~ dS ,
Ny—a)(y—19)...= o day+day + &ec.

Ny —79)...=Q" + R'y + S"y* + &c.

Making in Q”, R”, S” &c. v = «, & substituting the values above of Q’, R, S’ &c.,
one finds

d?Q
"=D E .=
Q + 3Fa + &c 502’
d’R
R// —
2da?’
d2s
" __
5= 2do?

So that one will have

2 2 2
_FQ IR D5 e ke

Nly=9)...= 2d0? " 2da2? " 2da?

& thus in sequence.

We make these substitutions in the formulas found above for the case of the equal
roots, & we change, as we have prescribed, the powers y°, y!, y? &c. into yo, Y1, ¥2
&c. one will find these results quite simple.



1°. In the case where 5 = «, the quantity

d.(Qyo + Ry1 + Sys + &c.) f.«
Ndo

for the value of the two terms aa”™ + b3”.
2° . In the case of v = 8 = «, the quantity

d2.(Qyo + Ryy + Sys + &c.) f .«
2Nda?
for the value of the three terms aa” + b5 + ¢y*. And thus in sequence.

5. By considering these results, it is clear that one had been able to find them more
easily, by substituting into the expression of the coefficient a in place of

Yn-1— (B+7+0H)yn—2+ (v + Bo+)yn—3 — &c.
its value
Qyo + Ry1 + Sy2 + &e.
N 3
and considering this quantity as a function of «; for by designating it by F'a;, one had
had, likewise, by the coefficient b, the quantity

Yn—1 — (@+ 5+ 6+)yn—2 + (v + ad+)y,_3 — &c. = F.5;
so that one had had for the two terms aa” + b3 the expression

Fax fa FBx f.p
a8 " h-a

which had given immediately, by making 5 = o + w, W. One had found in

the same manner for the case of three equal roots, by making fa = O’;'—ffy, that the first
three terms aa® + bB* + cy* had given

7d'F3§f/a B Fax fla Fyx f"y.
a=y  (a=7)?  (y-a)*’

. . . - . dQ,( Faxf'a) . . .

this which, by making v = « + w, is reduced to =55~ It is also in this manner
that I myself had taken first in order to resolve the case of equal roots; but although it
leads to some exact results, it seems to me that one can not adopt it without precaution;
because it is remarkable that the quantity what one takes for a simple function of «,
contains all the other roots 3, v &c. without «; that, likewise, that which one took for a
function of 3, would contain the other roots without 3, & thus in sequence; this which
must at least leave some doubt on the goodness of the method; but according to that
which we have followed, there must remain nothing on the exactitude of our results.

6. But these results have not yet all the simplicity of which they are susceptible;
because the quantities which we have designated by f.c, f'.a &c. depend at once
on the different roots «,y,d &c., & it is necessary to reduce them to be only some
functions of the single root a.



For this I make, as in article 2, of the memoir cited,
P = A+ Ba+Ca?+ Da® + &c. + Na™;

I change for a moment « into y; I will have P = 0 for equation (A) of N ° 1 above, of
which the roots are «, 3,y &c. So that by the nature of the equations I will have

P=Ny—-a)y—0B)y—")---

an identical equation.
Therefore 1 °. by differentiating & making next y = «, one will have

o = Na-B)la—)a=0)...
2°.If a« = 3, one has

P=N(y—a)Py—7)(y—9)...

Let P = N(y—~)(y—6) ... one will have P = (y — )% P’; therefore differentiating
& making next y = «, one will have

dP d*P 3P dP'  d*P d?P’
@:O, W:2P’, WZQ'?)%’ Jai =
& thus in sequence; whence one draws
P dziP LP _ P d*p’ _ d*P
2da?’  da  2.3da3’  da?  2.4da*
3° . If « = B =, one has

P=N(y—a)Py—y—9)...

Let P = N(y — 6)(y — €) ... one will have P = (y — a)3P’. Differentiating &
making next y = «, one will have

&c.

dP d?pP d*P dP" d*P dP" d°P azp”
— =0, —5 =0, —%=23——, — =234——, —— =345 &c.
do " da? " dad da’ dot do’ dob do? ¢
whence one draws
2P dpP" d*pP dzp” d°P d3p" asp
P// &c.

T 923dad’ da 234dat’ do?  345dad’ da®  4.5.6dab

And thus in sequence.
One will have therefore by these substitutions, by supposing that one had put « in
the place of y in P’, P” &c., fa = N;‘,w, fla = A}f}f & thus in sequence (N° 2.).
Therefore finally, substituting these values into the formulas of N ° 3, one will find
1°. That when o = §3, the two terms aa”™ + b3” of the expression of the general

term y,,, will be reduced to this expression

d. ( Qyo +Ry1f;‘1l>sy2 +&c. ax)

do



: /) _ d*P 4P’ _ 4P
by making P’ = SaaT aw = Tada’ &ec.

2°. That when o = 3 = ~, the three terms aa” + b3 4 ¢y* will be reduced to

d2. (Qyo+Ry113-/&;Syz+&c. am)

2do?

. n_ 4P dP" _ _d*P ap" _ _ d°P
by making P" = 5577, S5 = 534407 ‘da? = 3d5da5

3°. That when o = # = v = J, the four terms aa”® + bB* + cy* + ddé* will be
reduced to

pe (Qyo+Ry1+Sy2+&C- az)

P///
2.3 da?
: o d*P ap"’ _ d°p a2p’" d*p a2p d’p
by making P = 5=, S = 5345das) da? — 3456daS da® — I5.67daT

And thus in sequence.

7. These formulas are a little different from those that I had given without demon-
stration in the memoir cited for the case of the equality of the roots.

I myself had perceived their inexactitude after the impression of the memoir; but
seduced by other objects, I had always deferred returning on to that which I regarded
as less important; & I have been prevented in this regard by a member of the Italian
society, Jean Francois Malfatti, who has given on this subject a scholarly memoir in
the third volume of the compilation of the society. As the analysis of this author is
quite long & leads to some results a little complicated, I have believe I must seek to
resolve this question in a more direct & a manner more conformed to the simplicity of
the general method exposed in my memoir of 1775; it is this which has occasion the
preceding researches; but although the formulas to which I am arrived appear to leave
nothing to desire for the simplicity & the generality; nevertheless, as these formulas are
different for the different cases of equality of two roots, of three, of four &c. one could
desire again a formula which contained all these cases; & here is that which I have
found, & which I present to the geometers by inviting them to demonstrate it directly.

By converting the values of P, (), R &c. of N° 3. & 6., namely by making

P=A+ Ba+Ca?+ Da® + Ea* + &c.
Q = B+ Ca+ Do? + Ea® + &c.
R=C+ Da+ Ea? + &c.

& thus in sequence, I have for abridgment
(Qyo + Ryr + Sy2 + Tys + &c.)a” = Fa

Fa denoting, as one sees, a given function of a.
I consider next the formula

2 2
Fa+w®Le oo x &la 4 g,

do?
dP w d2P w? d3P
do T3 X @z T a3 X or T &c.

& after having developed it in a series according to the ascending powers of w, I retain
only the terms where the quantity w is not found at all, by rejecting those which will be



found divided or multiplied by some powers of w; I say that these terms will be those
of the expression of the general term y,,, which will arise from the root «, be it that this
root is a simple root or double or triple &c.
Thus, if « is a simple root, one will have immediately % for the term due to the
da
root.

If « is a double root, then % = 0, & the formula will be reduced to

3
Fa+wdfae 4 &, Fa d-Fo  po o« 4P
o _ 4 _da_ _ 2.3da” 4,
w &P | o?  &°P = &P 2P 2P 22
2 da? + 2.3 X da3 + &ec. W o daz 2da (2do¢2)

Therefore the terms due to the double root o will be

d.Fa d3pP
da 2.3da3
pp —Fax = 25,
2da (2da2)
or else LF AP’
Fa .

. d.Esx .. o .
or else again, = ~as one has found it in the N ° cited.

. . . 2 . . .
If « is a triple root, then one will have % =0& % = 0, this which will reduce
the formula to this one:

2
Fa+4w®fa o« dla 4 g,

do?
w?2 (d3P w d4P w? d5P
g5 (Gas + 9 X G + §5 X s + &)

Making the development according to the ordinary methods one will find that the
terms independent of w will be the same as those which result from formulas given
above for the case of three equal roots. And thus in sequence.



